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We investigate the deflection of light by a rotating global monopole spacetime and a rotating
Letelier spacetime in the weak deflection approximation. To this end, we apply the Gauss-Bonnet
theorem to the corresponding osculating optical geometries and show that the deflection of light
increases due to the presence of the global monopole parameter and the string cloud parameter,
respectively. The results obtained for the deflection angle in the equatorial plane generalize known
results for the corresponding non-rotating global monopole and Letelier spacetimes as well as the
Kerr solution.
PACS numbers: 95.30.Sf, 98.62.Sb, 04.40.Dg, 02.40.Hw
I. INTRODUCTION
Gravitational lensing is the bending of light trajecto-
ries between a background light source and us, the ob-
server, due to massive objects (cf. [23] for a general treat-
ment). It was first observed by Eddington’s 1919 eclipse
expeditions (cf. [14]), which provided an important test
of general relativity in the solar system, and has now be-
come one of the most useful tools in modern astronomy
and cosmology for probing spacetime and the search for
dark matter. Furthermore, it is hoped that gravitational
lensing may eventually be used to test the fundamental
theory of gravity and its possible modifications on cos-
mological scales, and shed light on the possible existence
and properties of exotic compact objects.
One such application concerns topological defects.
During phase transitions in the early universe, different
types of topological objects may have formed, such as do-
main walls, cosmic strings and monopoles (e.g. [17]). A
global monopole is a spherically symmetric gravitational
topological defect with divergent mass which is thought
to have arisen in the phase transition of a system com-
posed of a self-coupling triplet of scalar fields φa which
undergoes a spontaneous breaking of global O(3) gauge
symmetry down to U(1). Gravitating global monopoles
are stable against spherical as well as polar perturbations
[26].
The static solution of a global monopole was intro-
duced in a classic paper by Barriola and Vilenkin [4].
According to this model, global monopoles are config-
urations whose energy density decreases with the dis-
tance as r−2 and whose spacetimes exhibit a solid an-
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gle deficit given by δ = 8pi2η2, where η is the scale
of gauge-symmetry breaking. Self-gravitating magnetic
monopoles have also been investigated using numerical
analysis [18]. More recently, global monopoles have been
discussed in spacetimes with a cosmological constant, e.g.
in [5]. Static spherically symmetric composite global-
local monopoles have also been studied [1].
By applying a complex coordinate transformation,
Newman and Janis [22] established a relationship be-
tween the non-rotating and rotating spacetimes of gen-
eral relativity. Using the method of a complex coordi-
nate transformation, the rotating global monopole so-
lution was obtained from the non-rotating counterpart
solution by Teixeira Filho and Bezerra [24]. Adapting
the same procedure, Morais Grac¸a and Bezerra [20] ob-
tained the solution corresponding to a rotating global
monopole from its static counterpart in the framework
of f(R) gravity theory.
Gravitational lensing in spacetimes with a non-rotating
global monopole has been variously considered, for in-
stance by Cheng and Man [8] who studied lensing in the
strong field of a Schwarzschild black hole with a solid
deficit angle owing to a global monopole. Recently, it
has also been proposed that global monopole lensing ef-
fects may even be used to test Verlinde’s emergent gravity
theory [19].
In this paper, we shall address the seemingly still open
problem of calculating the deflection angle in a rotating
global monopole-type spacetime.
Given a background spacetime, the propagation of
light in can be studied by means of various techniques.
Here, we propose to apply a geometrical method intro-
duced by Gibbons and Werner [10] which uses the optical
geometry whose geodesics are the spatial light rays. By
considering the Riemannian optical geometry of static
spacetimes, it was shown how the asymptotic deflection
angle can be computed using the Gauss-Bonnet theo-
rem. This method was later extended by Werner [27] to
stationary spacetime metrics (e.g. the Kerr black hole)
whose optical geometry is Finslerian. Recently, it was
investigated how this method may be used to calculate
the deflection angle for finite distances in Schwarzschild-
de Sitter and Weyl conformal gravity [12]; in the strong
deflection limit [13]; and for charged black holes with
topological defects and the spinning cosmic string in [16].
This method is interesting primarily from a conceptual
point of view. Remarkably, the Gauss-Bonnet theorem
allows the computation of the deflection angle by con-
sidering a domain outside of the light ray, whereas the
deflection is usually thought of as an effect due to mass
primarily inside of the impact parameter. This under-
scores the global, partially topological nature of gravita-
tional lensing. Thus, the method is well suited to the
global monopole spacetime considered here.
Using the Gauss-Bonnet method, then, we shall com-
pute the deflection of light in a rotating global monopole
spacetime and a rotating Letelier spacetime in the weak
deflection approximation. The paper is organized as fol-
lows: in Section II, we give a brief review concerning the
the global monopole and rotating global monopole. Then
we consider the Finsler optical geometry of the rotating
global monopole spacetime in Section III, and proceed
with the application of the Gauss-Bonnet method to its
osculating Riemannian optical geometry in order to com-
pute the deflection of light in section IV. We shall also
discuss the Letelier spacetime, which represents a static
and spherically symmetric black hole that is surrounded
by a radially directed cloud of strings in Section V, fol-
lowed by an analogous computation of the deflection of
light in Section VI. A summary and discussion of our
results is given in Section VII. Finally, in the Appendix
A, we compare our method to a standard geodesic com-
putation. In this paper, we shall use the natural units
c = G = ~ = 1 and the metric signature (−,+,+,+).
Greek indices refer to spacetime coordinates, and Latin
indices denote spatial coordinates or those in optical ge-
ometry.
II. ROTATING GLOBAL MONOPOLE
SPACETIME
A global monopole is a heavy object formed in the
phase transition of a system composed by a self-coupling
scalar triplet φa. The simplest model which gives rise to
a global monopole is described by the Lagrangian density
[6]
L = −1
2
∑
a
gµν∂µφ
a∂νφ
a − λ
4
(
φ2 − η2)2 , (1)
with a = 1, 2, 3, while λ is the self-interaction term and
η is the scale of a gauge-symmetry breaking. The field
configuration describing a monopole is
φa =
ηf(r)xa
r
, (2)
in which
xa = {r sin θ cosϕ, r sin θ sinϕ, r cos θ } , (3)
such that
∑
a x
axa = r2. It is interesting to note that,
outside the core f(r) ≈ 1, the energy-momentum tensor
is not zero and can be approximated as T tt = T
r
r ≃ η2/r2
and T θθ = T
ϕ
ϕ = 0. In a seminal paper [4], Barriola
and Vilenkin have shown that the gravitational field of a
global monopole black hole is described by the following
spherically symmetric metric (see also [25], p. 424)
ds2 = −
(
1− 2M
r
)
dt2 +
dr2(
1− 2Mr
) + β2r2
× (dθ2 + sin2 θdϕ2) , (4)
where the global monopole parameter is given by β2 =
1 − 8piη2 and M ≈ Mcore denotes the global monopole
core mass, where Mcore ≈ λ−1/2η [4]. For a typical
grand unification scale η = 1016 GeV, which leads to
8piη2 ≈ 10−5, while β belongs to the interval 0 < β ≤ 1.
Recently, Filho and Bezerra, by applying the method of
complex coordinate transformation, extended the static
global monopole solution to a rotating global monopole
spacetime metric. In particular, they found a metric with
the following metric tensor components [24]
gµν =


−
(
1− 2Mrr2+a2 cos2 θ
)
0 0 − 2Mar sin2 θr2+a2 cos2 θ
0 grr 0 grϕ
0 0 β2(r2 + a2 cos2 θ) 0
− 2Mar sin2 θr2+a2 cos2 θ gϕr 0 gϕϕ


, (5)
2
where
grr =
r2 − a2 [(1− β2) sin2 θ − cos2 θ]
r2 − 2Mr + a2 −
(
1− β2) a2 sin2 θ
[
2Mr − a2 (1− sin4 θ)]
(r2 − 2Mr + a2)2 ,
grϕ =
(
1− β2) a
[
r2 sin2 θ − a2 cos2 θ (1 + cos2 θ)]
r2 − 2Mr + a2 ,
gϕϕ = sin
2 θ
{
β2r4 +
[
1− (1− 2β2) cos2 θ] a2r2 + 2Ma2r sin2 θ + a4 cos2 θ (β2 cos2 θ + sin2 θ)}
r2 + a2 cos2 θ
.
One can easily convince oneself that the Kerr solution in Boyer-Lindquist coordinates is recovered by setting β = 1.
If we consider only the linear terms in a, then we are left with the following stationary metric [24]
ds2 = −
(
1− 2M
r
)
dt2 +
dr2(
1− 2Mr
) + β2r2 (dθ2 + sin2 θdϕ2)− 4Ma sin2 θ
r
dtdϕ+
2 a (1− β2) sin2 θ(
1− 2Mr
) drdϕ. (6)
Moreover, if we set a = 0 in the last metric we recover
the famous Barriola–Vilenkin static solution (4). In the
following, we are going to use the stationary metric (5)
to calculate the deflection of light in the weak deflection
approximation by applying the Gauss-Bonnet theorem to
the corresponding osculating optical metric.
III. GLOBAL MONOPOLE OPTICAL METRIC
The stationary spacetime metric (5) gives rise to a
Finslerian optical geometry of Randers type. Generally
speaking, a Finsler metric F on a smooth manifold M
with x ∈ M, X ∈ TxM may be defined as a real, non-
negative and smooth function of the tangent bundle away
from the zero section (i.e. X 6= 0) which is positively
homogeneous of degree one in the vectors X and has a
positive definite Hessian
gij(x,X) =
1
2
∂2F 2(x,X)
∂X i∂Xj
. (7)
Then by homogeneity, F 2(x,X) = gij(x,X)X
iXj , anal-
ogous to the square of the vector length in Riemannian
geometry. Let us also briefly mention here that a Ran-
ders metric is a special Finsler metric that can be written
as follows,
F (x,X) =
√
aij(x)X iXj + bi(x)X
i, (8)
where aij denotes a Riemannian metric and bi is a one-
form satisfying the condition aijbibj < 1.
Now in order to see how the Randers optical metric
arises from the rotating global monopole spacetime, let
us recall that the general Randers form of a stationary
spacetime can be written as [11]
ds2 = V 2
[
− (dt− bidxi)2 + aijdxidxj] . (9)
After some simple manipulations, we can recast the sta-
tionary global monopole metric (5) in the form of the
Randers metric (9). In particular, we find the following
relations for aij and bi,
aij(x)dx
idxj =
grrdr
2
f(r)
+
β2(r2 + a2 cos2 θ)dθ2
f(r)
+
1
f(r)
[
gϕϕ +
(
2Mar sin2 θ
r2 + a2 cos2 θ
)2
1
f(r)
]
dϕ2 +
2grϕ
f(r)
dϕdr, (10)
bi(x)dx
i = −
(
2Mar sin2 θ
r2 + a2 cos2 θ
)
dϕ
f(r)
, (11)
in which V 2 = f(r) and f(r) = 1− 2Mr/(r2 + a2 cos2 θ). In the following, however, we will restrict ourselves to the
plane (r, ϕ) by setting θ = pi/2. Moreover, we note that in our approach, the geodesic of a photon in the plane of the
equator remains planar. This leads to the considerably simpler global monopole Randers metric
F
(
r, ϕ,
dr
dt
,
dϕ
dt
)
=
√
r4Θ(r, a, β)
(∆− a2)2
(
dϕ
dt
)2
+
r2Ξ(r, a, β)
∆2(∆− a2)
(
dr
dt
)2
+
2a(1− β2)r4
∆(∆− a2)
(
dϕ
dt
)(
dr
dt
)
− 2Mar
∆− a2
dϕ
dt
, (12)
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where
∆(r, a) = r2 − 2Mr + a2,
Ξ(r, a, β) = ∆(r2 − a2(1− β2))− 2Mr(1− β2)a2,
Θ(r, a, β) = β2r2 + a2 − 2Mrβ2.
One can easily check that by letting β → 1 the Kerr-
Randers metric is recovered [27].
Now the physical interpretation of this Randers metric
F concerning light propagation becomes apparent when
we note that, for null curves with ds2 = 0, one obtains
dt = F (x, dx) from the spacetime line element 9. Thus,
since Fermat’s principle implies that spatial light rays γ
are selected by stationary arrival time at the observer,
0 = δ
∫
γ
dt = δ
∫
γF
F (x, x˙)dt,
these spatial light rays γ are also geodesics γF of the
Randers metric F .
The next step is to apply Nazım’s method[21] to con-
struct a Riemannian manifold (M, g¯) the Randers mani-
fold (M, F ). This can be done by choosing vector field X¯
over M such that it is smooth and non-zero everywhere
(except at single vertex points) and, along the geodesic
γF , such that X¯(γF ) = x˙. In that case, the Hessian (7)
reads
g¯ij(x) = gij(x, X¯(x)), (13)
The crucial point to note is that the geodesic γF of
(M, F ), is also a geodesic γg¯ of (M, g¯) i.e. γF = γg¯ (see
[27] for details). That is to say, we can use the monopole
optical metric to construct the corresponding osculating
Riemannian manifold (M, g¯) and then compute the de-
flection angle of light rays in the equatorial plane. Since
we are presently interested in the leading terms of the
weak deflection limit only, it suffices (cf. [27]) to take
the line r(ϕ) = b/ sinϕ as approximation of the deflected
light ray, where b is the coordinate distance of closest ap-
proach to the lens, and use only the leading terms of the
vector field X¯ = (X¯r, X¯ϕ)(r, ϕ) near the light ray,
X¯r = − cosϕ+O(M,a), X¯ϕ = sin
2 ϕ
b
+O(M,a).
(14)
We shall now see how this construction may be used
to compute the light deflection angle using the Gauss-
Bonnet theorem.
IV. OPTICAL CURVATURE AND THE
DEFLECTION ANGLE
The Gauss–Bonnet theorem connects the Riemannian
geometry of a surface with its topology. This can be
usefully applied to our lensing problem as follows: in
the equatorial plane of the osculating optical geometry
with metric g¯ as defined above, consider a domain DR
bounded by the light ray γg¯ and a circular boundary
curve CR centered on the lens and intersecting γg¯ in the
points S and O, which we may regard as some notional
light source and observer, both at coordinate distance R
from the lens.
Now one can apply the Gauss-Bonnet theorem to this
domain (DR, g¯) with the region DR with boundary curve
∂DR = γg¯ ∪ CR (cf. [27]),
∫∫
DR
K dS +
∮
∂DR
κ dt+
∑
i
θi = 2piχ(DR), (15)
where K is the Gaussian curvature and κ = |∇γ˙ γ˙| is the
geodesic curvature, all of course with respect to g¯. Fur-
thermore, θi are the corresponding exterior angles at the
i–th vertex. Thus, in our case, we have two exterior jump
angles θS and θO at the vertices S and O, respectively.
As R → ∞, both jump angles tends to pi/2, hence we
have θO + θS → pi. Moreover, we note that the Euler
characteristic is χ(DR) = 1 since DR is non-singular and
simply connected. The Gauss–Bonnet theorem can now
be recast thus,
∫∫
DR
K dS +
∮
∂DR
κ dt = 2piχ(DR)− (θO + θS) = pi. (16)
Since the geodesic curvature in the case of geodesics γg¯
vanishes i.e. κ(γg¯) = 0, we shall now focus on calculating
κ(CR)dt where κ(CR) = |∇C˙RC˙R|. For very large but
constant R given by CR := r(ϕ) = R = const, the radial
component of the geodesic curvature reads
(
∇C˙RC˙R
)r
= Γ¯rϕϕ
(
C˙ϕR
)2
. (17)
Here we note that the first term vanishes, while the
second term can be calculated by using the unit speed
condition i.e. g¯ϕϕ C˙
ϕ
RC˙
ϕ
R = 1, and the Christoffel symbol
Γ¯rϕϕ. One can show that for very large but constant radial
distance i.e. r(ϕ) = R = const, the geodesic curvature
reads κ(CR) → R−1. Meanwhile, for a constant R the
monopole optical metric (12) gives
dt =
(√
β2R2 − 2MRβ2 + a2(
1− 2MR
)2 − 2MaR− 2M
)
dϕ. (18)
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Now for a very large R the last equation suggests that
lim
R→∞
κ(CR)dt
= lim
R→∞


√√√√β2 − 2Mβ2R + a2R2(
1− 2MR
)2 − 2MaR2 (1− 2MR )

dϕ
= β dϕ. (19)
In other words, this result reflects the fact that our
original spacetime is globally conical which implies that
the optical metric is not asymptotically Euclidean i.e.
κ(CR)dt/dϕ = β 6= 1. However, this result reduces to the
asymptotically Euclidean case, κ(CR)dt/dϕ = 1, only if
one takes the limit β → 1. Now, if we use this result and
go back to Eq. (16), it follows that∫∫
DR
K dS +
∮
CR
κ dt
R→∞
=
∫∫
D∞
K dS
+ β
pi+αˆ∫
0
dϕ, (20)
where the domain D∞ is understood to be an infinite
domain bounded by the light ray γg¯, excluding the lens,
and αˆ is the asymptotic deflection angle.
In order to compute the leading orders of the asymp-
totic deflection angle (cf. [27]), we can approximate the
boundary curve ofD∞ by a notional undeflected ray, that
is, the line r(ϕ) = b/ sinϕ, similar to the Born approx-
imation. Then the asymptotic deflection angle from the
last equation reduces to
αˆ ≃ pi
(
1√
1− 8piη2 − 1
)
− 1√
1− 8piη2
×
pi∫
0
∞∫
b
sinϕ
K
√
det g¯ dr dϕ. (21)
Let us now compute the components of g¯. Starting
from (12) and using equations (7), (13) and (14), one
finds that,
g¯rr = 1 +
4M
r
− 2M ar β
2 sin6 ϕ
b3
(
cos2 ϕ+ r
2β2 sin4 ϕ
b2
)3/2 +O(M2, a2), (22)
g¯ϕϕ =
(
r2 + 2Mr
)
β2 − 2Mar
(
2r2β2 sin4 ϕ+ 3b2 cos2 ϕ
)
β2 sin2 ϕ
b3
(
cos2 ϕ+ r
2β2 sin4 ϕ
b2
)3/2 +O(M2, a2), (23)
g¯rϕ = −
[
(4M + r)(β2 − 1)
(
cos2 ϕ+ r
2β2 sin4 ϕ
b2
)3/2
− 2M cos3 ϕ
]
a
(
cos2 ϕ+ r
2β2 sin4 ϕ
b2
)3/2
r
+O(M2, a2), (24)
neglecting higher order terms of the angular momentum parameter a. Then the determinant of this metric can be
written as
det g¯ =
(
r2 + 6Mr
)
β2 − 6aMr
(
r2β2 sin4 ϕ+ b2 cos2 ϕ
)
β2 sin2 ϕ
b3
(
cos2 ϕ+ r
2 sin4 ϕβ2
b2
)3/2 +O(M2, a2). (25)
For the Christoffel symbols we find,
Γ¯ϕrr =
2aM(β2 − 1)
β2r4
+
aM cosϕ
(
6β2r3 cos2 ϕ sin5 ϕ+ 3β2r3 sin7 ϕ− 8β2r2b sin4 ϕ cos2 ϕ− 2b3 cos4 ϕ)
b3
(
r2β2 sin4 ϕ
b2 + cos
2 ϕ
)5/2
r4β2
, (26)
Γ¯ϕrϕ =
r −M
r2
+
aM sin2 ϕ
(
4β4r4 sin8 ϕ+ 10β2b2r2 sin4 ϕ cos2 ϕ+ 3b4 cos4 ϕ
)
b5
(
r2β2 sin4 ϕ
b2 + cos
2 ϕ
)5/2
r2
. (27)
The Gaussian curvature is
K =
R¯rϕrϕ
det g¯
(28)
=
1√
det g¯
[
∂
∂ϕ
(√
det g¯
g¯rr
Γ¯ϕrr
)
− ∂
∂r
(√
det g¯
g¯rr
Γ¯ϕrϕ
)]
,
so using the Christoffel symbols and the metric compo-
5
nents, we obtain
K = −2M
r3
+
3Ma
r2
f(r, ϕ, β), (29)
with
f(r, ϕ, β) =
sin3 ϕ
b7
(
cos2 ϕ+ r
2β2 sin4 ϕ
b2
)7/2
(
2β6r5 sin11 ϕ+ 5β4b2r3 cos2 ϕ sin7 ϕ− 10β2b2r3 cos4 ϕ sin5 ϕ
−9β2b2r3 cos2 ϕ sin7 ϕ− β2r3b2 sin9 ϕ+ 16β2b3r2 cos4 ϕ sin4 ϕ+ 8β2b3r2 cos2 ϕ sin6 ϕ
−2β2b4r cos4 ϕ sin3 ϕ+ 10b4r cos6 ϕ sinϕ+ 11b4r cos4 ϕ sin3 ϕ+ 4b4r cos2 ϕ sin5 ϕ
−4b5 cos6 ϕ− 2b5 cos4 ϕ sin2 ϕ
)
. (30)
Now from Eq. (30) and (21), the asymptotic deflection
angle becomes
αˆ ≃ 4pi2η2 − 1√
1− 8piη2
(31)
×
pi∫
0
∞∫
b
sinϕ
(
−2M
r3
+
3Ma
r2
f(r, ϕ, β)
)√
det g¯ dr dϕ,
where b is the impact parameter. Evaluating the first
integral, we find
pi∫
0
∞∫
b
sinϕ
2M
r3
√
det g¯ dr dϕ =
4M
b
. (32)
The second integral can be found by integrating first
with respect to the radial coordinate and then make a
Taylor expansion around η, say, up to the fourth order,
to find
pi∫
0
∞∫
b
sinϕ
3Ma
r2
f(r, ϕ, β)
√
det g¯ dr dϕ
= ±4Ma
b2
(
1 +
12 piη2
5
+O(η4)
)
, (33)
in which the positive (resp., negative) sign is for a retro-
grade (resp., prograde) light ray. Thus,
αˆ ≃ 4pi2η2 + 4M
b
± 4Ma
b2
+
16piMη2
b
, (34)
as the leading terms, to second order, of the asymptotic
deflection angle in the equatorial plane for the rotating
global monopole. This result includes, as limiting cases,
the standard expression for the Kerr black hole (with
η → 0, cf. [27] and references therein) as well as for the
non-rotating global monopole (with a → 0). On astro-
physical scales, we can also neglect the global monopole
mass M , which yields the deflection angle of one half of
the total deficit angle, i.e. αˆ = δ/2 ≃ 4pi2η2, as expected
(cf. [25]).
Finally, our result (34) obtained by means of the Gauss-
Bonnet method can be confirmed with a standard
geodesic computation, which also shows the limit of ap-
plicability for the approximations used, cf. the appendix.
V. ROTATING LETELIER SPACETIME
In this section we recall that a Letelier spacetime met-
ric corresponds to a spherically symmetric black hole so-
lution surrounded by a cloud of strings. Firstly, one can
write the action for the string cloud model as follows (cf.
[3]),
S =
∫
Σ
Ldξ0dξ1, (35)
where L is the Lagrangian density, while ξ0 and ξ1 are the
timelike and spacelike parameters, and the Lagrangian
density can be defined as L = M
√
− 12ΣµνΣµν , in which
Σµν is a bivector associated with the world sheet of a
string and M is a positive string constant. The source
of the rotating Letelier spacetime is a cloud of strings
described by the following energy-momentum tensor
T µν =
ρΣµλΣνλ√
− 12ΣαβΣαβ
, (36)
where ρ is the proper density. The spherically symmetric
solution which describes a non-rotating black hole sur-
rounded by a cloud of strings reads [3]
ds2 = −
(
1− 2M
r
)
dt2 +
dr2(
1− 2Mr
) + (1−A)r2
× (dθ2 + sin2 θdϕ2) , (37)
6
with the string cloud parameter A. If A = 0, the above
solution corresponds to the Schwarzschild solution. On
the other hand, if we let M = 0, the solution corre-
sponds to a cloud of strings with global topology similar
to the global monopole case associated with a solid angle
deficit depending on the string cloud parameter A. To
transform the Letelier spacetime given by Eq. (37) into
the corresponding rotating counterpart, one can use the
method by Newman and Janis, to obtain [3, 24]
gµν =


−
(
1− 2Mrr2+a2 cos2 θ
)
0 0 − 2Mar sin2 θr2+a2 cos2 θ
0 grr 0 grϕ
0 0 (1−A)(r2 + a2 cos2 θ) 0
− 2Mar sin2 θr2+a2 cos2 θ gϕr 0 gϕϕ


, (38)
where
grr =
r2 − a2 [A2 sin2 θ − cos2 θ]
r2 − 2Mr + a2 −
Aa2 sin θ
[
2Mr − a2 (1− sin4 θ)]
(r2 − 2Mr + a2)2 ,
grϕ =
Aa
[
r2 sin2 θ − a2 cos2 θ (1 + cos2 θ)]
r2 − 2Mr + a2 ,
gϕϕ = sin
2 θ
{
(1−A)r4 + [(1−A) cos2 θ] 2a2r2 + 2Ma2r sin2 θ + a4 cos2 θ ((1−A) cos2 θ + sin2 θ)}
r2 + a2 cos2 θ
.
Sometimes it is convenient to write the rotating Leteiler spacetime in a more compact form by considering only the
terms linear in a. By neglecting all terms of order a2/r2 the above metric can be approximated as [3]
ds2 = −
(
1− 2M
r
)
dt2 +
dr2(
1− 2Mr
) + (1−A)r2 (dθ2 + sin2 θdϕ2)− 4Ma sin2 θ
r
dtdϕ+
2Aa sin2 θ(
1− 2Mr
) drdϕ. (39)
Notice that we recover the Lense-Thirring spacetime
when A = 0 in the above metric, and that the ro-
tating Letelier spacetime metric can be written in a
Schwarzschild-like form but with a solid angle deficit.
This enables us to compute light deflection in the rotat-
ing Letelier spacetime by performing computations anal-
ogous to the method employed in the last section.
VI. DEFLECTION ANGLE BY A ROTATING
LETELIER SPACETIME
Following the same method as in the case of the ro-
tating global monopole, one can now recast the rotating
Letelier metric (38) in the form of (9). Comparing (6)
and (39), we see that the spacetimes correspond when
setting 1−A = β2. More explicitly, the Randers optical
metric for the rotating Letelier spacetime is defined by
aij(x)dx
idxj =
grrdr
2
f(r)
+
(1−A)(r2 + a2 cos2 θ)dθ2
f(r)
+
1
f(r)
[
gϕϕ +
(
2Mar sin2 θ
r2 + a2 cos2 θ
)2
1
f(r)
]
dϕ2 +
2grϕ
f(r)
dϕdr,
bi(x)dx
i = −
(
2Mar sin2 θ
r2 + a2 cos2 θ
)
dϕ
f(r)
, (40)
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where f(r) = 1− 2Mr/(r2 + a2 cos2 θ). Then the Letelier-Randers optical geometry in the equatorial plane (r, ϕ) for
θ = pi/2 can be represented by the following Finsler metric,
F
(
r, ϕ,
dr
dt
,
dϕ
dt
)
=
√
r4Θ(r)
(∆− a2)2
(
dϕ
dt
)2
+
r2Ξ(r)
∆2(∆− a2)
(
dr
dt
)2
+
2Aar4
∆(∆− a2)
(
dϕ
dt
)(
dr
dt
)
− 2Mar
∆− a2
dϕ
dt
, (41)
where
∆(r) = r2 − 2Mr + a2,
Ξ(r) = ∆(r2 − a2A)− 2MAa2r,
Θ(r) = (1−A)r2 + a2 − 2Mr(1−A).
Now the metric components of the corresponding os-
culating Riemannian optical geometry read
g¯rr = 1 +
4M
r
− 2M ar (1−A) sin
6 ϕ
b3
(
cos2 ϕ+ r
2(1−A) sin4 ϕ
b2
)3/2 +O(M2, a2)
g¯ϕϕ =
(
r2 + 2Mr
)
(1−A)− 2Mar
(
2r2(1−A) sin4 ϕ+ 3 b2 cos2 ϕ) (1−A) sin2 ϕ
b3
(
cos2 ϕ+ r
2(1−A) sin4 ϕ
b2
)3/2 +O(M2, a2)
g¯rϕ =
[
A (4M + r)
(
cos2 ϕ+ r
2(1−A) sin4 ϕ
b2
)3/2
+ 2M cos3 ϕ
]
a
(
cos2 ϕ+ r
2(1−A) sin4 ϕ
b2
)3/2
r
+O(M2, a2),
and the Gaussian curvature becomes
K = −2M
r3
+
3Ma
r2
f(r, ϕ,A),
noting that the function f(r, ϕ,A) is equal to f(r, ϕ, β) if
we let β =
√
1−A. Hence, performing the same compu-
tation as above, the asymptotic deflection angle for the
rotating Letelier spacetime in the equatorial plane reads,
to second order,
αˆ ≃ Api
2
+
4M
b
± 4Ma
b2
+
2MA
b
. (42)
VII. CONCLUSION
In this paper, we have calculated the deflection of light
by a rotating global monopole black hole and in a rotat-
ing Letelier spacetime, in the equatorial plane and in the
weak deflection limit, to second order terms. From the
Randers optical metrics, we have constructed osculating
Riemannian metrics to calculate the metric components,
Christoffel symbols, and the Gaussian curvature in both
cases. Then we have applied the Gauss-Bonnet theorem
to calculate expressions for the asymptotic deflection an-
gle. This is found to increase due to the presence of the
rotating global monopole parameter η and the strings
cloud parameter A, respectively. Thus, we have general-
ized known deflection angles for the Kerr solution and the
non-rotating global monopole and Letelier spacetimes.
Finally, it would be interesting to see whether one can
find these results by using the Gauss-Bonnet theorem in-
trinsically in Finsler i.e. without resorting to osculating
Riemannian geometry.
Appendix A
In order to confirm our earlier computation using the
Gauss-Bonnet method and exhibit the limits of applica-
bility of the approximations used, we shall study in this
appendix the null geodesics using the variational princi-
ple δ
∫ Lds = 0, where s is an affine path parameter. For
the sake of simplicity, we will use the stationary metric
given by eq. (6), which is linear in the angular momen-
tum parameter a. The Lagrangian is given by
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L = −1
2
(
1− 2M
r(s)
)
t˙2 +
r˙2
2
(
1− 2Mr(s)
) + 1
2
β2r(s)2
(
θ˙2 + sin2 θϕ˙2
)
− 2Ma sin
2 θ
r(s)
t˙ϕ˙+
a (1− β2) sin2 θ(
1− 2Mr(s)
) r˙ϕ˙. (43)
As in the main text, we will consider the deflection of
light in the equatorial plane θ = pi/2. Next, let us define
the following two constants of motion l and γ, given as
follows [7]
pϕ =
∂L
∂ϕ˙
= β2r(s)2ϕ˙− 2Ma
r(s)
t˙+
a (1− β2)(
1− 2Mr(s)
) r˙ = l
pt =
∂L
∂t˙
= −
(
1− 2M
r(s)
)
t˙− 2Ma
r(s)
ϕ˙ = −γ. (44)
Now we can introduce a new variable via r = 1/u(ϕ),
then it is not difficult to show that the following relation
holds
r˙
ϕ˙
=
dr
dϕ
= − 1
u2
du
dϕ
. (45)
Thus making use of eqs. (43),(44) and (45), for the
null geodesics case, we can express ϕ˙ in terms u and the
corresponding constants of integration l and γ. Further-
more, given the freedom to affinely reparametrize null
geodesics, one may choose for definiteness γ = 1 [7]. We
note that the angle ϕ is measured from the point of clos-
est approach, namely u(ϕ = 0) = umax = 1/rmin = 1/b
[15], and one can show that for the second constant
l = βb. Then, we get the following differential equation,
1
2u4(2Mu− 1)
(
du
dϕ
)2
=
[
Ξ(u) + a dudϕ
(
β2 − 1)+ β2]2
2u4 (2Mau− 2Muβb+ βb) ζ(u) +
2Ma
(
Ξ(u) + a dudϕ
(
β2 − 1)+ β2)
uζ(u)
+
β2
2u2
+
a(1− β2)
u2(2Mu− 1)
du
dϕ
(46)
where
Ξ = 4M2aβbu4 − 2Mu3aβb− 2Mβu, (47)
ζ = −4M2βbu2 + 4M2au2 + 4Mβu− 2Mua− βb. (48)
We can solve the last equation for du/dϕ, and then
to integrate with respect to u, to find the deflection an-
gle. By following similar arguments given in Ref. [7],
the deflection angle can be obtained by considering the
following integral
∆ϕ = 2
∫ 1/b
0
A(u,M, a, η, b)du, (49)
where A(u, η, b) is a complicated function which is ob-
tained by considering Taylor expansion series around η,
M , and a. This function is found to be
A(u, η, b) =
8piη2(b2u2 − 1)(2Mu+ 1)√b2 − b4u2 − bΣ
(b2u2 − 1)
√
(1− b2u2)b2 ,
(50)
where
Σ =
(
(4piη2 + 1)b+Mau(16piη2 + 2)
− u2(4piη2 + 1)(Mu+ 1)b3)
)
. (51)
Carrying out the integration and keeping only the
terms of order 1/b, and 1/b2, we can express the final
result as
∆ϕ = pi + 4pi2η2 + αˆ, (52)
where αˆ is the deflection angle. As expected, due to the
presence of topological defects the term 4pi2η2 appears,
which of course is not present in the standard Kerr space-
time (cf. [7]). Thus we find the following result for the
deflection angle in the weak deflection approximation to
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second order terms,
αˆ ≃ 4M
b
± 4Ma
b2
+
16piMη2
b
. (53)
However, it is important to point out that the term
4pi2η2 illustrates the role of global topology in the deflec-
tion of light. In this approach, this term is not present in
the result for the deflection angle αˆ. Therefore, in order
to find the total deflection angle αˆtotal we need to add
the topological term to αˆ i.e. αˆtotal = 4pi
2η2 + αˆ. In the
Gauss-Bonnet framework this term naturally appears in
the total deflection angle and we don’t need to add this
term by hand. This result confirms the deflection angle
given by Eq. (34), calculated using the Gauss-Bonnet
method under the assumptions stated in the main text.
Regarding the third order mixed term in Maη2, we
may also note that the above geodesic calculation yields
±32piMaη2/b2, whereas the Gauss-Bonnet method with
our approximation gives ±128piMaη2/5b2. This confirms
that this approximation is indeed valid to recover the
leading order terms in M , η2, Ma and Mη2, but would
need to be modified, starting from the boundary of the
integration domain and the vector field of eq. (14) used
to construct the osculating Riemannian geometry, to cor-
rectly reproduce higher order terms such as this one.
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